Introduction {#Sec1}
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Let *u*(*t*, *a*, *x*) denote the density of a population at time *t* with age *a* at location $\documentclass[12pt]{minimal}
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                \begin{document}$$a^+<\infty $$\end{document}$ is the maximum age. Consider the following age-structured model with nonlocal dispersal:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial u(t, a, x)}{\partial t}+\frac{\partial u(t, a, x)}{\partial a}=d(J*u-u)(t, a, x)-\mu (a, x)u(t, a, x), \quad t, a>0, x\in \Omega ,\\ u(0, a, x)=u_0(a, x), \quad a>0, x\in \Omega ,\\ u(t, 0, x)=\int _{0}^{a^+}\beta (a, x)u(t, a, x)da, \quad t>0, x\in \Omega ,\\ u(t, a, x)=0,\quad t, a>0, x\in \mathbb {R}^N{\setminus }\Omega . \end{array}\right. } \end{aligned}$$\end{document}$$where *d* is the diffusion rate, *J* is a diffusion kernel which is a $\documentclass[12pt]{minimal}
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                \begin{document}$$C^0$$\end{document}$, compactly supported, nonnegative radial function with unit integral representing the spatial dispersal, i.e.,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{\mathbb {R}^N}J(x)dx=1,\quad J(x)\ge 0,\quad \forall x\in \mathbb {R}^N,\quad J(0)>0 \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (J*u-u)(t, a, x)=\int _{\mathbb {R}^N}J(x-y)u(t, a, y)dy-u(t,a,x). \end{aligned}$$\end{document}$$The convolution $\documentclass[12pt]{minimal}
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                \begin{document}$$\int _{\mathbb {R}^N} J(x-y)u(t, a, y)dy$$\end{document}$ is the rate at which individuals are arriving at position *x* from other places and $\documentclass[12pt]{minimal}
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                \begin{document}$$\int _{\mathbb {R}^N} J(y-x)u(t, a, x)dy$$\end{document}$ is the rate at which they are leaving location *x* to travel to other sites. The mortality rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu (a, x)$$\end{document}$ is a positive and bounded measurable function in any district $\documentclass[12pt]{minimal}
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                \begin{document}$$[0, a_c]\times \Omega , a_c<a^+<\infty ,$$\end{document}$ and satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sup _{a\in [0, a_c]}\int _{\Omega }\mu ^2(a, x)dx\,\,\text {is continuous with respect to}\,\, a_c\in [0, a^+) \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{0}^{a}\overline{\mu }(\rho )d\rho <\infty \,\, \text {for}\,\, a\in [0,a^+) \,\,\text {with}\,\, \int _{0}^{a^+}\underline{\mu }(\rho )d\rho =\infty , \end{aligned}$$\end{document}$$in which $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{\mu }(a)=\sup _{x\in \Omega }\mu (a, x)$$\end{document}$. While the fertility rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta (a, x)$$\end{document}$ is a bounded nonnegative measurable function on $\documentclass[12pt]{minimal}
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                \begin{document}$$[0, a^+]$$\end{document}$ and satisfies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \text {mes}\bigl \{a \big | a\in [0, a^+), \beta (a)=\inf _{x\in \Omega }\beta (a, x)>0\bigr \}>0. \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
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                \begin{document}$$u_0(a, x)$$\end{document}$ is the initial data with $\documentclass[12pt]{minimal}
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                \begin{document}$$u_0(a, x)\ge 0$$\end{document}$.

In the following, we list some special cases of Eq. ([1.1](#Equ1){ref-type=""}) or related models which have been studied in the literature.

Age-Structured Models {#Sec2}
---------------------
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                \begin{document}$$u(t, a, x)=u(t,a)$$\end{document}$ does not depend on the spatial variable *x*,  Eq. ([1.1](#Equ1){ref-type=""}) reduces to the well-known age-structured model (McKendrick \[[@CR39]\], von Foerster \[[@CR48]\], Gurtin and MacCamy \[[@CR20]\])):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial u(t, a)}{\partial t}+\frac{\partial u(t, a)}{\partial a}=-\mu (a)u(t, a),\quad t, a>0,\\ u(0, a)=u_0(a), \quad a>0,\\ u(t, 0)=\int _{0}^{a^+}\beta (a)u(t, a)da, \quad t>0. \end{array}\right. } \end{aligned}$$\end{document}$$Properties of solutions to the age-structured model ([1.2](#Equ2){ref-type=""}) have been extensively studied and well-understood, we refer to the monographs by Anita \[[@CR2]\], Iannelli \[[@CR27]\], Inaba \[[@CR30]\], Magal and Ruan \[[@CR37]\], and Webb \[[@CR53]\] for basic theories, results and references.

Nonlocal Diffusion Models {#Sec3}
-------------------------
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                \begin{document}$$u(t, a, x)=u(t,x)$$\end{document}$ does not depend on the age variable *a*,  then Eq. ([1.1](#Equ1){ref-type=""}) becomes the nonlocal diffusion model:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial u(t, x)}{\partial t}=d(J*u-u)(t, x)-\mu (x)u(t, x), \quad t>0,\, x\in \Omega ,\\ u(0, x)=u_0(x),\quad x\in \Omega ,\\ u(t, x)=0, \quad t>0,\, x\in \mathbb {R}^N{\setminus }\Omega . \end{array}\right. } \end{aligned}$$\end{document}$$Great attention has also been paid to the dynamics of model ([1.3](#Equ3){ref-type=""}), we refer to the monograph by Andreu-Vaillo et al. \[[@CR1]\] for fundamental theories and results and surveys by Bates \[[@CR3]\] and Ruan \[[@CR42]\] for applications in materials science and epidemiology, respectively. As pointed out in Bates et al. \[[@CR3]\], $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$J(x-y)$$\end{document}$ is viewed as the probability distribution of jumping from location *y* to location *x*, namely the convolution $\documentclass[12pt]{minimal}
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                \begin{document}$$\int _{\Omega }J(x-y)u(t, y)dy$$\end{document}$ is the rate at which individuals are arriving to position *x* from other places and $\documentclass[12pt]{minimal}
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                \begin{document}$$\int _{\Omega }J(y-x)u(t, x)dy$$\end{document}$ is the rate at which they are leaving location *x* to travel to other sites.

Age-Structured Models with Laplace Diffusion {#Sec4}
--------------------------------------------

If the population moves randomly and a Laplace operator is used to described such movement, then we have the following age-structured reaction-diffusion equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial u(t, a, x)}{\partial t}+\frac{\partial u(t, a, x)}{\partial a}=d \Delta u(t, a, x)-\mu (a, x)u(t, a, x), \quad t, a>0, \,x\in \Omega ,\\ u(0, a, x)=u_0(a, x),\quad a>0, \,x\in \Omega ,\\ u(t, 0, x)=\int _{0}^{a^+}\beta (a, x)u(t, a, x)da,\quad t>0, \,x\in \Omega ,\\ Bu(t, a, x)=0,\quad t, a>0,\, x\in \partial \Omega , \end{array}\right. } \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$Bu=0$$\end{document}$ represents one of the regular boundary conditions (Dirichlet, Nuemann or Robin), $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$ is a Laplace operator. Such age-structured models with Laplace diffusion were first proposed by Gurtin \[[@CR19]\] and were consequently investigated by Chan and Guo \[[@CR5]\], Di Blasio \[[@CR14]\], Ducrot et al. \[[@CR15]\], Guo and Chan \[[@CR18]\], Gurtin and MacCamy \[[@CR21]\], Hastings \[[@CR23]\], Huyer \[[@CR26]\], Langlais \[[@CR34]\], MacCamy \[[@CR36]\], Walker \[[@CR49], [@CR51]\], Webb \[[@CR52]\], and so on. We refer to a survey by Webb \[[@CR55]\] for detailed results and references.

Compared with random Laplace diffusion problems, nonlocal diffusion problems on one hand are more applicable to many biological and physical phenomena (Bates \[[@CR3]\], Ruan \[[@CR42]\], Zhao and Ruan \[[@CR57]\]) and, on the other hand, post more technical challenges in analysis since the semigroup generated by the associated operator is not compact for any $\documentclass[12pt]{minimal}
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                \begin{document}$$t\ge 0$$\end{document}$ (Andreu-Vaillo et al. \[[@CR1]\]). Though age-structured models with Laplace diffusion have been studied extensively in the literature, in most existing references the age-structured diffusion equations in *u*(*t*, *a*, *x*) were changed into reaction-diffusion equations in *u*(*t*, *x*) by transforming the age structure *a* into a delay structure, for example, see Lin and Weng \[[@CR35]\] and the references cited therein. To the best of our knowledge there are very few studies on the original age-structured models in *u*(*t*, *a*, *x*) with nonlocal diffusion. The purpose of this paper is to provide a systematical and theoretical treatment of the age-structured problem ([1.1](#Equ1){ref-type=""}) with nonlocal diffusion. More specifically, we study the semigroup of linear operators associated to the problem and use spectral properties of its infinitesimal generator to determine the stability of the zero steady state. It is shown that (i) the structure of the semigroup for the age-structured model with nonlocal diffusion is essentially determined by those of the semigroup for the age-structured model without diffusion and the nonlocal operator when both birth rate and death rates are independent of spatial variable; (ii) the asymptotic behavior can be determined by the sign of spectral bound of the infinitesimal generator when both birth and death rates are dependent on spatial variables; (iii) the weak solution and comparison principles can be established when both birth and death rates depend on not only time *t* but also spatial variables; and (iv) such results can be extended to an age-size structured model. In addition, we compare our results with the age-structured model with Laplacian diffusion in the first two cases (i) and (ii).

A Special Case When Both Birth and Death Rates are Independent of Spatial Variables {#Sec5}
===================================================================================

In this section, we first consider a special case where both birth and death rate functions are spatial homogeneous; that is,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial u(t, a, x)}{\partial t}+\frac{\partial u(t, a, x)}{\partial a}=d(J*u-u)(t, a, x)-\mu (a)u(t, a, x), \quad t, a>0, \,x\in \Omega ,\\ u(0, a, x)=u_0(a, x),\quad a>0,\, x\in \Omega ,\\ u(t, 0, x)=\int _{0}^{a^+}\beta (a)u(t, a, x)da,\quad t>0,\, x\in \Omega ,\\ u(t, a, x)=0,\quad t,a>0, \,x\in \mathbb {R}^N{\setminus }\Omega , \end{array}\right. } \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{0}^{a}\mu (\rho )d\rho <\infty \,\,\text{ for } a\in [0, a^+) \text{ with }\,\, \int _{0}^{a^+}\mu (\rho )d\rho =\infty , \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
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The Linear Operator {#Sec6}
-------------------
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                \begin{document}$$\langle \cdot , \cdot \rangle $$\end{document}$ and defining an operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A: E\rightarrow E$$\end{document}$ by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&A\phi (a, x)=d(J*\phi -\phi )(a, x)-\frac{\partial \phi (a, x)}{\partial a}-\mu (a)\phi (a, x),\quad \forall \phi \in D(A),\nonumber \\&D(A)=\bigl \{\phi (a, x)\big |\phi , A\phi \in E, \phi |_{\mathbb {R}^N{\setminus }\Omega }=0, \phi (0, x)=\int _{0}^{a^+}\beta (a)\phi (a, x)da\bigr \}, \end{aligned}$$\end{document}$$we can write Eq. ([2.1](#Equ5){ref-type=""}) as an abstract Cauchy problem on the state space *E*:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{du(t, a, x)}{dt}=Au(t, a, x),\quad t>0,\\ u(0, a, x)=u_0(a, x). \end{array}\right. } \end{aligned}$$\end{document}$$In what follows, we are only interested in the existence and uniqueness of principal eigenvalue of *A* and leave the dependence of the principal eigenvalue on the diffusion rate *d* in the future. Thus without loss of generality we assume that $\documentclass[12pt]{minimal}
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                \begin{document}$$d=1$$\end{document}$ in the following context. Now we introduce the eigenvalues and eigenfunctions of the nonlocal problem with Dirichlet boundary condition, which are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} -(J*\varphi _i-\varphi _i)(x)=\lambda _i\varphi _i(x),\quad x\in \Omega \\ \varphi _i(x)=0,\quad x\in \mathbb {R}^N{\setminus }\Omega \end{array}\right. } \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{\Omega }\varphi _i^2(x)dx=1,\quad i\ge 0. \end{aligned}$$\end{document}$$Note that the eigenfunctions $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi _i$$\end{document}$ of ([2.4](#Equ8){ref-type=""}) satisfy $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^N{\setminus }\Omega $$\end{document}$, the integral in the convolution term can indeed be considered in $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$. Therefore, we define the operator$$\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ is an eigenvalue of ([2.4](#Equ8){ref-type=""})--([2.5](#Equ9){ref-type=""}) if and only if $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\lambda }=1-\lambda $$\end{document}$ is an eigenvalue of $\documentclass[12pt]{minimal}
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In summary, we have the following theorem.

### Theorem 2.2 {#FPar2}
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The proofs of (i)--(iv) are similar to those in \[[@CR5], Theorem 1\]. We omit them here. The proof of (v) is shown in the above argument.

The Semigroup {#Sec7}
-------------
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### Theorem 2.3 {#FPar3}

The operator *A* defined in ([2.2](#Equ6){ref-type=""}) is the infinitesimal generator of a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_0$$\end{document}$-semigroup $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{S(t)\}_{t\ge 0}$$\end{document}$ on the state space *E*. Thus, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_0\in E,$$\end{document}$ then there exists a unique mild solution to ([2.3](#Equ7){ref-type=""}) such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u(t,\cdot , \cdot )=S(t)u_0\in C([0, \infty ), E), \end{aligned}$$\end{document}$$and if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_0\in D(A),$$\end{document}$ then there exists a classical solution to ([2.3](#Equ7){ref-type=""}) such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u(t, \cdot , \cdot )=S(t)u_0\in C^1([0, \infty ), E). \end{aligned}$$\end{document}$$

Asymptotic Behavior {#Sec8}
-------------------

First, we recall the asymptotic behavior of solutions to the following age-structured model without diffusion:$$\documentclass[12pt]{minimal}
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### Proposition 2.4 {#FPar4}
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Now we establish the asymptotic behavior of the age-structured model with nonlocal diffusion under Dirichlet boundary conditions.
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### Remark 2.6 {#FPar7}

There are some differences between Laplace diffusion and nonlocal diffusion. For the Laplace diffusion problem, from Chan and Guo \[[@CR5]\] we have the following asymptotic expression for the solution *u*(*t*, *a*, *x*) : $$\documentclass[12pt]{minimal}
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The General Case When Both Birth and Death Rates are Dependent on Spatial Variables {#Sec9}
===================================================================================

Now we consider the general case where both birth and death rate functions depend on the spatial variable. In this section, one will see that since the semigroup or evolution family generated by nonlocal diffusion loses compactness, we need to deal with it via different arguments compared with the case of Laplace diffusion. Introducing the state space $\documentclass[12pt]{minimal}
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The Semigroup {#Sec10}
-------------

In the following without loss of generality we assume that $\documentclass[12pt]{minimal}
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### Lemma 3.1 {#FPar8}
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### Proof {#FPar9}
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In summary, we have a theorem similar to Theorem [2.3](#FPar3){ref-type="sec"} in the following.

### Theorem 3.2 {#FPar10}
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The Infinitesimal Generator {#Sec11}
---------------------------

In this section we study the spectral bound of the operator $\documentclass[12pt]{minimal}
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### Lemma 3.3 {#FPar11}
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### Lemma 3.4 {#FPar13}
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### Theorem 3.7 {#FPar17}
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### Proof {#FPar18}
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### Remark 3.8 {#FPar19}

Note that Thieme \[[@CR46]\] discussed age-structured models with an additional structure and gave a theorem which states that $\documentclass[12pt]{minimal}
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### Remark 3.9 {#FPar20}
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Weak Solutions and Comparison Principle: Nonautonomous Case {#Sec12}
===========================================================

In the previous sections, we considered the autonomous cases where $\documentclass[12pt]{minimal}
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Since the system is nonautonomous, it is not easy to study it by the method of semigroups as above, especially the spectrum analysis. We would like to use energy estimates to deal with it. Moreover, we will also establish the comparison principle. In the following we will prove lemmas and theorems under the conditions $\documentclass[12pt]{minimal}
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Lemma 4.1 {#FPar21}
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Proof {#FPar22}
-----
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Using the notation of Anita \[[@CR2]\], we introduce the definition of a solution of ([4.1](#Equ32){ref-type=""}). By a *solution* to system ([4.1](#Equ32){ref-type=""}) we mean a function $\documentclass[12pt]{minimal}
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Lemma 4.2 {#FPar23}
---------
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Proof {#FPar24}
-----
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                \begin{document}$$\begin{aligned} u_{b, w}(t_0+s, a_0+s, x)=\tilde{u}(s, x),\quad (s, x)\in (0, \alpha )\times \Omega \end{aligned}$$\end{document}$$for any characteristic line *L*. It follows from Lemma [4.1](#FPar21){ref-type="sec"} and ([4.9](#Equ40){ref-type=""}) that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u_{b, w}\in C(\overline{L}, L^2(\Omega ))\cap AC(L, L^2(\Omega ))\cap L^2(L, L^2(\Omega )) \end{aligned}$$\end{document}$$for almost any characteristic line *L*, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u_{b, w}$$\end{document}$ satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} -(J*\varphi _j-\varphi _j)=\lambda _j\varphi _j,\\ \varphi _j=0,\quad x\in \mathbb {R}^N{\setminus }\Omega . \end{array}\right. } \end{aligned}$$\end{document}$$Then we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&f(t, a, x)-\mu (t, a, x)w=\sum _{j=0}^{\infty }v^j(t, a)\varphi _j(x) \quad \text {in}\, L^2(\Omega ) \, \text {a.e.}\, (t, a)\in (0, T)\times (0, a^+),\\&b(t, x)=\sum _{j=0}^{\infty }b^j(t)\varphi _j(x) \quad \text {in}\, L^2(\Omega ) \, \text {a.e.}\, t\in (0, T),\\&u_0(a, x)=\sum _{j=0}^{\infty }u_0^j(a)\varphi _j(x) \quad \text {in}\, L^2(\Omega ) \, \text {a.e.}\, a\in (0, a^+), \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} u_{b, w}(t, a, x)=\sum _{j=0}^{\infty }u_{b, w}^j(t, a)\varphi _j(x),\quad \text {in}\, L^2(\Omega ) \,\text {a.e.}\, (t, a)\in (0, T)\times (0, a^+). \end{aligned}$$\end{document}$$Plugging it into ([4.10](#Equ41){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial u_{b, w}^j}{\partial t}+\frac{\partial u_{b, w}^j}{\partial a}+d\lambda _ju_{b, w}^j=v^j(t, a),\quad (t, a)\in (0, T)\times (0, a^+),\\ u_{b, w}^j(0, a)=u_0^j(a),\quad a\in (0, a^+),\\ u_{b, w}^j(t, 0)=b^j(t),\quad t\in (0, T). \end{array}\right. } \end{aligned}$$\end{document}$$Multiplying the first equation of ([4.11](#Equ42){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \frac{1}{2}\frac{\partial }{\partial t}|u_{b, w}^j(t, a)|^2+\frac{1}{2}\frac{\partial }{\partial a}|u_{b, w}^j(t, a)|^2\le & {} |v^j(t, a)||u_{b, w}^j(t, a)|\\\le & {} \frac{1}{2}|u_{b, w}^j(t, a)|^2+\frac{1}{2}|v^j(t, a)|^2 \end{aligned}$$\end{document}$$and integrating on $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{0}^{a^+}|u_{b, w}^j(t, a)|^2da&\le \int _{0}^{a^+}|u_0^j(a)|^2da+\int _{0}^{t}|b^j(s)|^2ds+\int _{0}^{t}\int _{0}^{a^+}|u_{b, w}^j(s, a)|^2dads\\&\quad +\int _{0}^{t}\int _{0}^{a^+}|v^j(s, a)|^2dads. \end{aligned}$$\end{document}$$By Gronwall's inequality we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial (u_{b, w_1}-u_{b, w_2})}{\partial t}+\frac{\partial (u_{b, w_1}-u_{b, w_2})}{\partial a}-d(J*(u_{b, w_1}-u_{b, w_2})-(u_{b, w_1}-u_{b, w_2}))+\mu (w_1-w_2)=0\quad \text {a.e. in} \, Q_T,\\ (u_{b, w_1}-u_{b, w_2})(0, a, x)=0\quad \text {a.e. in} \, (0, a^+)\times \Omega ,\\ (u_{b, w_1}-u_{b, w_2})(t, 0, x)=0\quad \text {a.e. in} \, (0, T)\times \Omega ,\\ (u_{b, w_1}-u_{b, w_2})(t, a, x)=0\quad \text {a.e. in} \, (0, T)\times (0, a^+)\times \mathbb {R}^N{\setminus }\Omega . \end{array}\right. } \end{aligned}$$\end{document}$$By the result of ([4.12](#Equ43){ref-type=""}), we have$$\documentclass[12pt]{minimal}
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Next we need to establish the following auxiliary result.

Lemma 4.3 {#FPar25}
---------

Under the hypotheses of Lemma [4.2](#FPar23){ref-type="sec"}, for any $\documentclass[12pt]{minimal}
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Proof {#FPar26}
-----
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \frac{\partial v}{\partial t}+\frac{\partial v}{\partial a}-d(J*v-v)+\mu (t, a, x)v=0\quad \text {a.e. in}\, Q_T,\\ v(0, a, x)=0\quad \text {a.e. in}\, (0, a^+)\times \Omega ,\\ v(t, 0, x)=b_1(t, x)-b_2(t, x)\quad \text {a.e. in}\, (0, T)\times \Omega ,\\ v(t, a, x)=0\quad \text {a.e. in}\, (0, T)\times (0, a^+)\times \mathbb {R}^N{\setminus }\Omega . \end{array}\right. } \end{aligned}$$\end{document}$$Multiplying the first equation by $\documentclass[12pt]{minimal}
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Finally we present the comparison principle for system ([4.1](#Equ32){ref-type=""}).
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Remark 4.6 {#FPar31}
----------
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An Age- and Size-Structured Model with Nonlocal Diffusion {#Sec13}
=========================================================

In population dynamics, besides the age structure, there are some other physiological structures that need to be taken into account, for example the size of individuals which is used to distinguish cohorts (Tucker and Zimmerman \[[@CR47]\], Webb \[[@CR55]\]), infection age which is the time elapsed since infection, and recovery age which is the time elapsed since the last infection (Inaba \[[@CR30]\]). In fact, various size-structured models have been studied in the literature, see Cushing \[[@CR8]--[@CR11]\], Calsina \[[@CR4]\] and Gwiazda, Lorenz and Marciniak \[[@CR22]\]. Kooijman and Metz \[[@CR33]\] considered a nonlinear age-size structured model with experiments and later Thieme \[[@CR44]\] analyzed the model by formulating it as an integral equation.

In this section, we consider the following age- and size-structured model with nonlocal diffusion:$$\documentclass[12pt]{minimal}
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Assumption 5.1 {#FPar32}
--------------
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We consider Eq. ([5.1](#Equ49){ref-type=""}) in the state space $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H\phi (a, s)= & {} -\frac{\partial \phi (a, s)}{\partial a}-\frac{\partial \phi (a, s)}{\partial s}-\mu (a, s)\phi (a, s), \quad \phi \in D(H), \nonumber \\ D(H)= & {} \Big \{\phi (a, s)|\phi , H\phi \in L^2((0, a^+)\times (0, s^+), \phi (0, s)\nonumber \\= & {} \int _{0}^{s^+}\int _{0}^{a^+}\beta (a, p, s)\phi (a, p)dadp,\nonumber \\ \phi (a, 0)= & {} \int _{0}^{a^+}\int _{0}^{s^+}\chi (a, p, s)\phi (p,s)dsdp\Big \}. \end{aligned}$$\end{document}$$Solving the resolvent equation$$\documentclass[12pt]{minimal}
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Lemma 5.2 {#FPar33}
---------

Let Assumption [5.1](#FPar32){ref-type="sec"} hold. Then the operator $\documentclass[12pt]{minimal}
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-----
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Remark 5.3 {#FPar35}
----------

More results on non-supporting operators are given in "Appendix A.1".

Now we give a proposition on the spectrum of *H* with its dominant eigenvalue.

Proposition 5.4 {#FPar36}
---------------
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We refer to Kang et al. \[[@CR31]\] for the proof and for more results on population models with two physiological structures in $\documentclass[12pt]{minimal}
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Note that by Proposition [5.4](#FPar36){ref-type="sec"} the eigenvalues of *H* are countable. Thus, we can denote the eigenvalues of *H* by $\documentclass[12pt]{minimal}
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Remark 5.5 {#FPar37}
----------

There is only a slight difference between these two cases once one verifies that $\documentclass[12pt]{minimal}
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Discussion {#Sec14}
==========

In modeling real world problems (such as transmission dynamics of infectious diseases, population dynamics, cancer therapy, etc.), one usually needs to consider multiple internal variables such as time, age, size, stage, location and so on. For example, for the transmission of coronavirus disease (COVID-19) it is now known that the mortality rate in seniors is significantly higher than in juniors, so age structure of the host population plays a crucial role; when an individual who was infected in Asia or Europe is traveling to the U.S., it is very likely to import the virus to there, thus the location and spatial movement of infected individuals are also very important in modeling the spatio-temporal transmission dynamics of COVID-19. Such models would be described by partial differential equations with time, age, and spatial variable.

Great attention has been paid to the study of age-structured population dynamics with random (Laplace) diffusion (see Chan and Guo \[[@CR5]\], Di Blasio \[[@CR14]\], Guo and Chan \[[@CR18]\], Gurtin \[[@CR19]\], Gurtin and MacCamy \[[@CR21]\], Hastings \[[@CR23]\], Huyer \[[@CR26]\], Langlais \[[@CR34]\], MacCamy \[[@CR36]\], Walker \[[@CR49], [@CR51]\], Webb \[[@CR52]\], and a survey by Webb \[[@CR55]\]). Notice that these models are constructed under the assumption that species or individuals disperse in the connected spatial domain randomly. As far as the geographical spread of infectious diseases such as the spatial spread of COVID-19 by long distance traveling is concerned, the random Laplace diffusion is no longer valid and nonlocal convolution diffusion seems to be more appropriate. In fact nonlocal convolution diffusion processes are more applicable to many biological populations and physical materials (Andreu-Vaillo et al. \[[@CR1]\], Bates \[[@CR3]\], Ruan \[[@CR42]\]) compared with random diffusion processes. However, there are very few theoretical studies on age-structured population models with nonlocal diffusion due to the complexity of these equations and the lack of methods and techniques.

In this paper we provided a systematical and theoretical treatment of the age-structured problem ([1.1](#Equ1){ref-type=""}) with nonlocal diffusion. More specifically, first we studied a special case when both birth and death rate functions are independent of the spatial variable. Then we considered the general case when both birth and death rate functions are dependent of the spatial variable. In each case we studied the semigroup of linear operators associated to the nonlocal diffusion problem and used the spectral properties of its infinitesimal generator to determine the stability of the zero steady state. In addition, we compared our results with that for the age-structured model with random Laplace diffusion. It is shown that the structure of the semigroup for the age-structured model with nonlocal diffusion is essentially determined by those of the semigroup for the age-structured model without diffusion and the nonlocal operator when birth and death rates are only dependent on age. Next we studied the weak solution and the comparison principle for a nonautonomous and nonhomogeneous age-structured model where birth and death rate functions depend on all variables *t*, *a*, *x* with nonlocal diffusion. Then we generalized our techniques and results to a nonlocal diffusion model with age and size structures.

We expect that age-structured models with nonlocal diffusion exhibit more interesting dynamics such as the existence of bifurcations and traveling wave solutions and leave this for future consideration. consideration. Also, it will be very interesting to propose an age-structured susceptible-exposed-infectious-recovered (SEIR) model with nonlocal diffusion to study the spatio-temporal transmission dynamics of COVID-19 via long-distance traveling.

A Appendix {#Sec15}
==========

A.1 Positive Operators {#Sec16}
----------------------

In this section, we recall some definitions and results of positive operator theory on ordered Banach spaces from Inaba \[[@CR28], [@CR29]\]. For more complete exposition, we refer to Daners et al. \[[@CR12]\], Heijmans \[[@CR24]\], Marek \[[@CR38]\], and Sawashima \[[@CR43]\].
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From results in Sawashima \[[@CR43]\] and Inaba \[[@CR29]\], we state the following proposition.

### Proposition A.1 {#FPar38}
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The following comparison theorem is due to Marek \[[@CR38]\]:

### Proposition A.2 {#FPar39}
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A.2 Linear Nonlocal Problems {#Sec17}
----------------------------

We prove the following lemma which is actually Lemma [4.1](#FPar21){ref-type="sec"} and the proof is motivated by Anita \[[@CR2]\].
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